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SOME RESULTS ON DEFORMATIONS OF SECTIONS OF
VECTOR BUNDLES.
ABEL CASTORENA AND GIAN PIETRO PIROLA
Abstract. Let E be a vector bundle on a smooth complex projective variety
X. We study the family of sections st ∈ H0(E ⊗ Lt) where Lt ∈ Pic0(X) is
a family of topologically trivial line bundle and L0 = OX , that is, we study
deformations of s = s0. By applying the approximation theorem of Artin
[2] we give a transversality condition that generalizes the semi-regularity of
an effective Cartier divisor. Moreover, we obtain another proof of the Severi-
Kodaira-Spencer theorem [4]. We apply our results to give a lower bound to
the continuous rank of a vector bundle as defined by Miguel Barja [3] and a
proof of a piece of the generic vanishing theorems [6] and [7] for the canonical
bundle. We extend also to higher dimension a result given in [8] on the base
locus of the paracanonical base locus for surfaces.
1. Introduction
Let X be a smooth complex projective variety of dimension n. Let P = Pic0(X)
be the Picard variety of X . We recall that the tangent space to P at any point
is isomorphic to H1(X,OX). The irregularity of X is q(X) := dimH
1(X,OX) =
dimP , and X is said to be irregular if q(X) > 0. Given a vector bundle E on X
and L ∈ P , the action (L,E) → E ⊗ L = E(L) defines a family of vector bundles
parametrized by P . This paper is devoted to study the Brill-Noether loci:
Wk(E) := {L ∈ P : h0(E(L)) ≥ k + 1}
where hi(E) = dimHi(X,E). Set W0(E) =W(E). As in [9] we would like to give
some conditions that implies that dimW(E) > 0. This is a deformation problem
for the sections of E. Given s ∈ H0(X,E) and ζ ∈ H1(X,OX), denote by ζ · s its
cup product, then the first order condition to deform s in the direction ζ is ζ · s =
0 ∈ H1(X,E), and in general there are higher obstructions. Our first result (See
section 2) is that they vanishes under a transversality hypothesis that generalizes,
in our context, the semi-regularity condition and the Koszul condition [8] borrowed
from the work of M. Green and R. Lazarsfeld [6]. For any ζ ∈ H1(X,OX), define
the complex
H0(X,E)
·ζ
→ H1(X,E)
·ζ
→ H2(X,E),
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and set H1(X,E)ζ = ker(ζ : H
1(X,E)→ H2(X,E)). From now on, we will denote
by ∆ ⊂ C a complex disk with 0 ∈ ∆. Our first result is :
Proposition 1.1. (Transversality.) Let s ∈ H0(X,E) and ζ ∈ H1(X,OX) be
elements such that ζ · s = 0 in H1(X,E). If H1(X,E)ζ = s · H
1(X,OX) + ζ ·
H0(X,E) then there exists an analytic curve γ : ∆→ P such that γ(0) = OX and
γ′(0) = ζ, and there exists a family of sections s(t) ∈ H0(X,E(γ(t))) such that
s(0) = s. In other words, the direction ζ is not obstructed for s. Moreover we may
assume that the image of γ contains an open set of an algebraic curve. In particular
dimW(E) > 0.
To prove our result we first solve the problem in the formal setting, then we
apply the powerful approximation theorem of Artin (See [2], Theorem 1.2) that
assure the existence of a convergent solution and finally the algebraic version, since
the scheme W(E) is algebraic.
An important case of Proposition 1.1 is when E is a line bundle and this is
in connection with the semi-regularity. In fact, we remark in section 2.1 that an
effective Cartier divisor D which is semi-regular (See definition 2.4 below) satisfies
H1(X,E) = H1(X,E)ζ = s · H
1(X,OX), where E = OX(D), s ∈ H
0(X,E) is a
section such that D is the the zero-locus of s and ζ · s = 0 for some ζ. The semi-
regularity gives also information on the infinitesimal structure of the Hilbert scheme
HX,D that parametrizes effective divisors on X with fixed Chern class (See section
2). To be more precise, the Severi-Kodaira-Spencer theorem asserts that if D is a
semi-regular divisor, then HX,D is smooth at [D] (See e.g. [4] Theorem 1.2 part
(i), [10], p. 157). In this context we give another proof of this theorem by applying
the transversality condition of Proposition 1.1, in particular the semi-regularity is
an open condition on the locus W(E) ⊂ Pic(X).
To illustrate our second result (See section 3), following Miguel Barja (See [3]),
we let
rc = rc(E) = min
L∈P
h0(E(L)), (1)
be the continuous rank of E. Note that rc(E) > 0 ⇐⇒ W(E) = P . We will see
that rc ≥ h
0(E)−h1(E). This inequality should be well-known and it certainly will
sound familiar to any expert on deformation theory. A stronger result will be given
using the Koszul condition. We have :
Proposition 1.2. For any ζ ∈ H1(X,OX), set h
1(E)ζ = dimH
1(X,E)ζ . It holds
rc(E) ≥ h
0(E)− h1(E)ζ ≥ h
0(E)− h1(E).
When X is a smooth curve we have h1(X,E) = h1(X,E)ζ , and by Riemann-
Roch theorem the Proposition 1.2 gives rc ≥ χ(E) = c1(E) − e(g − 1). Thus for
e = 1, that is, when E is a line bundle we obtain W(E) = P for c1(E) ≥ g, a
version of the Jacobi inversion theorem.
In section 4 we consider the case when E = ∧kΩ1X = Ω
k
X is the sheaf of holo-
morphic k−forms on X . Let KX = Ω
n
X be the canonical sheaf on X . Using the
∂∂¯− lemma (See [13], Proposition 6.17) we obtain a quick proof of a piece of the
generic vanishing theorem of Green-Lazarsfeld. We give it by completeness, with
not claim of originality. The approach is very similar to the one given by Clemens
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and Hacon in [5], but again we use the formal approximation theorem of Artin to
show that the higher order obstructions vanish.
In section 5 we extend to higher dimensional varieties the result given in ([8],
Theorem 1.3) on the fixed part of the paracanonical base locus of surfaces. To
explain this, let P κ be the isomorphism classes of line bundles algebraically equiv-
alent to KX . The morphism L → L ⊗ K
−1
X gives an identification of P
κ and
P . Let Divκ(X) be the projective variety that parametrizes effective divisors
with class κ, Divκ(X) is the paracanonical system of X . We consider the map
ρ : Divκ(X) → P κ, D 7→ OX(D). The fiber ρ
−1([L]) is isomorphic to the linear
system |L|. If rc(KX) > 0, there is a unique irreducible component Div
κ(X)main of
Divκ(X) that maps surjectively onto P κ. The variety
Divκ(X)main (2)
is called main component of Divκ(X) of the paracanonical system.
We define the Albanese variety A ofX , to be the dual of P : A = Pic0(P ). Let a :
X → A be the Albanese morphism (See [8]). We say that X has maximal Albanese
dimension if dimX = dim a(X) and it is of Albanese general type if in addition
q = q(X) > dimX . We recall that generic vanishing theorems for the canonical
bundle implies that rC(KX) = χ(KX) for X of maximal Albanese dimension (See
[6]). If in addition X is not fibred onto a variety Y with 0 < dim(Y ) < dim(X)
and with any smooth projective model Y˜ of Y of Albanese general type, then
χ(KX) ≥ q − dimX . (See [11], Theorem A).
We define respectively the base locus ZK of the canonical system and Zκ the
base locus of the main paracanonical component by:
ZK = {p ∈ X : p ∈ D ∀D ∈ |KX |}.
Zκ = {p ∈ X : p ∈ D ∀D ∈ Div
κ(X)main}.
Our result is the following:
Proposition 1.3. Let X be a variety of Albanese general type with χ(KX) > 0,
then Zκ ⊂ ZK .
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2. Deformations of vector bundles and transversality
Let E → X be a holomorphic vector bundle of rank e. Let Ap,q(E) be the
sheaf of C∞ forms of type (p, q) with values on E, C∞(E) = A0,0(E). We have an
operator
∂¯E : A
p,q(E)→ Ap,q+1(E)
such that for any open subset U ⊂ X ,
U → E(U) = ker ∂¯E |U : C
∞(E)(U)→ A0,1(E)(U)
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gives the sheaf of holomorphic sections of E. The correspondence E ↔ ∂¯E with
the integrability condition is given by ∂¯2E = 0 (cf. e.g. [14]). A deformation of
E can be seen as a deformation of ∂¯E , that is, an operator ∂¯E + T : A
p,q(E) →
Ap,q+1(E) satisfying the integrability condition (∂¯E + T )
2 = 0. Let γ : ∆ → P
be an analytic curve in P and assume that γ(0) = OX . The operators associated
to the deformation E(γ(t)) = E ⊗ γ(t), γ(t) ∈ P , have a considerably simple
linearization. To see this, consider the exponential map exp : H1(X,OX) → P,
write γ(t) = exp(α(t)), where α : ∆ → H1(X,OX). We have α(t) = [v(t)],
where v(t) ∈ A0,1(X) is a (0, 1)-form such that ∂¯(v(t)) = 0. A canonical way to
represent α(t) is to use the harmonic representative, that is, v(t) = ω(t) where
ω(t) ∈ H0(X,Ω1X). The corresponding family of operators on E(γ(t)) can be given
by (See [7], p. 92)
∂¯E(γ(t)) = ∂¯E + ∧v(t). (3)
∂¯E(γ(t))(s) = ∂¯E(s) + s ∧ v(t).
The integrability conditions ∂¯2E(γ(t)) = 0 is satisfied since ∂¯v(t) = 0 and v(t)∧v(t) =
0.
Given ζ1 = [v1] ∈ H
1(X,OX) and f0 ∈ H
0(X,E), the cup product [v1 · f0] ∈
H1(X,E) gives the first order obstruction to deform f0 in the ζ1-direction. In fact,
if [v1 · f0] = 0, we can find f1 ∈ C
∞(E) such that v1 · f0 + ∂¯Ef1 = 0, then
(∂¯E + tv1)(f0 + tf1) = t
2(v1 · f1) = 0 mod t
2.
Now we take sequences fi ∈ H
0(X,E), vi ∈ A
0,1(OX) satisfying ∂¯vi = 0 and
[vi] ∈ H
1(X,OX). We write the formal equation:
(∂¯E + tv1 + t
2v2 + · · ·+ t
nvn + · · · ) · (f0 + tf1 + t
2f2 + · · ·+ t
nfn + · · · ) = 0, (4)
in other words, such that the following is satisfied:
∂¯Ef0 = 0, ∂¯Ef1 + v1f0 = 0, ∂¯Ef2 + v1f1 + v2f0 = 0,
and in general:
∂¯Efn + v1fn−1 + · · ·+ vkfn−k + · · ·+ vnf0 = 0. (5)
Definition 2.1. Fix f0 ∈ H
0(X,E) and ζ1 = [v1] ∈ H
1(X,OX). We say that the
couple (ζ1, f0) allows a formal solution, if there exists a sequence (vi, fi) satisfying
the formal equation (4). We say moreover that the formal solution is linear if in
(4) we can assume vi = 0 for i > 1.
The following proposition is a consequence of the Artin’s approximation theorem
(See [2], Theorem 1.2).
Proposition 2.2. Let f0 ∈ H
0(X,E) and ζ1 ∈ H
1(X,OX) be such that (ζ1, f0)
allows a formal solution. Then there is an analytic curve γ : ∆ → P such that
γ(0) = OX and γ
′(0) = ζ1, and a family of sections s(t) ∈ H
0(X,E(γ(t))) such
that s(0) = f0. In other words the direction ζ1 is not obstructed for s. In particular
dimW(E) > 0 and we may assume that the image of γ contains an open set of an
algebraic curve.
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Proof. We take a Zariski open set W of P that contains the origin OX , that is,
there is an embedding π : W →֒ CN such that the ideal of π(W(E)) ⊂ CN is
generated by polynomial equations {Fj}. The formal curve
γ˜(t) = exp(
∞∑
i=1
ζit
i)
satisfies the equations Fi(γ˜(t)) ≡ 0. By ([2], Theorem 1.2 for c = 1) we can find
an analytic curve γ : ∆→ P, γ(0) = OX and γ
′(0) = ζ1. The last sentence follows
again since the Fj are polynomials.  
We give the following
Lemma 2.3. Suppose that for ζi = [vi] and i ≤ n, we have solved equation (5) in
the n-th step, that is,
∂¯Efn + v1fn−1 + · · ·+ vkfn−k + · · ·+ vnf0 = 0.
Let y = v1fn + v2fn−1 + · · ·+ vkfn−k+1 + vnf1 be, then
(1) ∂¯E(y) = 0,
(2) v1 ∧ y ∈ Im ∂¯E
Proof. Since ∂¯vi = 0, then ∂¯E(vif) = vi ∧ ∂¯E(f). Define d = ∂¯E + tv1 + · · · +
tnvn. This is an operator d : A
p,q(E)[t] → Ap,q+1(E)[t] satisfying d2 = 0, where
Ap,q(E)[t] := Ap,q(E) ⊗ C[t] and C[t] is the ring of complex polynomials. Taking
f = f0 + tf1 + · · · + t
nfn ∈ A
0,0(E)[t] = C∞(E)[t], we get df = 0 mod tn by our
assumption. Making some computations we have that
df = tn+1y + tn+2y1 + · · ·
where y = v1fn + v2fn−1 + · · ·+ vkfn−k+1 + vnf1. Now we have d
2(f) = 0, thus
0 = d(y + ty1 + · · · ) = (∂¯E + tv1 + · · ·+ t
nvn)(y + ty1 + · · · )
the first terms gives
∂¯E(y) = 0 , v1 ∧ y + ∂¯E(y1) = 0.
 
Now we prove the Proposition 1.1:
Proof. Suppose that (ζ1 = [v1], f0) satisfies the transversal condition: ζ1H
0(X,E)+
f0H
1(X,OX) = H
1(X,E)ζ1 . Moreover, assume that we have solved the equation
(5) in the n-th step, that is,
∂¯Efn +
n∑
i=1
vifn−i = 0.
We would like to solve the (n+1)th step. The proposition will follow by induction.
Define y =
∑n
i=1 vifn+1−i, we know that ∂¯Ey = 0, ζ1 · [y] = [v1 · y] = 0 ∈ H
2(X,E)
by the above lemma. Let [y] ∈ H1(X,E)ζ1 be its class. By the transversal hypoth-
esis there are ζn+1 ∈ H
1(X,OX) and s˜ ∈ H
0(X,E) such that
[y] = ζ1 · s˜+ ζn+1f0,
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that is, choosing a representative vn+1 for ζn+1, y = vn+1f0 + v1s˜ + ∂¯Eg. Letting
f ′n = fn − s˜ we solve again the n-th step equation
∂¯(fn − s˜) +
n∑
i=1
vifn−i =
n∑
i=1
vifn−i = 0.
Then letting fn+1 = −g we solve also the (n+ 1)-th step:
∂¯(fn+1) + v1(fn − s˜) + v2fn−1 + · · ·+ vnf1 + vn+1f0.
We see that f0, ..., fn−1, f
′
n = fn − s˜, fn+1 stabilizes in the first n − 1 elements.
Then we can find a formal solution and by (2.2) we prove our result.  
2.1. Semi-regularity. Let X be a smooth complex projective variety. The semi-
regularity of an effective Cartier divisor D ⊂ X is an important example which
satisfies the transversality condition of Proposition 1.1 for E = L = OX(D), and is
related also with the problem to determinate when a couple (s, v) is non-obstructed
in the sense of Proposition 2.2. To see this, let s ∈ H0(X,L) be a section such that
(s)0 = D is the zero-locus of s and let ND = L|D the normal sheaf of D in X . The
normal bundle exact sequence 0→ OX
·s
−→ L→ ND → 0 induces an exact sequence
in cohomology
· · · → H0(D,ND)
δD−−→ H1(X,OX)
·s
−→ H1(X,L)→ H1(D,ND)
δ1
−→ H2(X,OX)→ · · ·
(6)
Definition 2.4. The divisor D is said to be semi-regular if H1(X,L)→ H1(D,ND)
is the zero-map.
LetHX,D be the Hilbert scheme that parametrizes effective divisors B on X such
that c1(OX(B)) = c1(OX(D)). Is well known that first-order deformations D˜ ⊂
X×Spec( k[t](t2) ) of D in X are in one-to-one correspondence with global sections s˜ in
H0(D,ND), where H
0(D,ND) is the Zariski tangent space T[D](HD,X) to HX,D at
[D] (See [12], Proposition 3.2.1). The obstruction to lifting D˜ to a deformation over
Spec( k[t](tn) ) for some n ≥ 3 determines a cohomological class ob(s˜) inH
1(D,ND) (See
[12], p. 131). If ob(s˜) 6= 0, then s˜ is called obstructed, otherwise it is unobstructed.
The set of obstructions define a subspace in H1(D,ND), and this obstruction space
is contained in the kernel of the semi-regular map H1(D,ND)
δ1
−→ H2(X,OX) (See
e.g. [4]). In particular when δ1 is injective the section s˜ is non-obstructed.
Note that for t ∈ H0(X,ND) = T[D](HX,D) and v = δD(t) ∈ Im(δD) ⊆ H
1(X,OX)
we have that s · v = 0. From the exact sequence (6), semiregularity for D is
equivalent to have H1(X,L) = s · H1(X,OX), and by properties of cap product
we have v ·H1(X,L) = v · (s ·H1(X,OX)) = {0} ⊂ H
2(X,L), then H1(X,L)v =
Ker(H1(X,L)
v
−→ H2(X,L)) = s · H1(X.OX) = H
1(X,L), thus the transversal
condition of Proposition 1.1 is satisfied for the couple (s, v).
The following theorem was first claimed by Severi and proved by Kodaira-
Spencer (See e.g. [4] Theorem 1.2 part (i), [10], p. 157). We give a proof of
such theorem by applying the transversality criteria of Proposition 1.1.
Theorem 2.5. (Severi-Kodaira-Spencer). Let X be a complex smooth projective
variety. Let D ⊂ X be an effective Cartier divisor and set L = OX(D). If D is
semiregular, then Hilbert scheme HX,D is smooth at [D] of the expected dimension
h0(X,L)− h1(X,L)− 1 + h1(X,OX).
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Proof. As we have seen, the semiregularity is equivalent to the fact that the map
H1(X,OX)
·s
−→ H1(X,L) is surjective, and in this case we have the transver-
sality condition of Proposition 1.1 for couples (s, w) for every w ∈ Im(δD) =
Ker(H1(X,OX)
·s
−→ H1(X,L)). Since semiregularity is an open condition on the
sections s, the dimension of the Hilbert scheme HX,D is precisely h
0(X,L) − 1 +
dim Im(δD) and the Severi-Kodaira-Spencer theorem follows.  
2.2. Examples. We give some examples where the Transversal condition of Propo-
sition 1.1 is satisfied. In these examples C will denote a non-hyperelliptic curve of
genus g ≥ 3.
(a).- Let p ∈ C be a general point and let u be a general extension in Ext1(KC ,OC(p)) ≃
H1(C, TC(p)), then the correponding coboundary map ∂u : H
0(C,KC)→ H
1(C,OC(p)) =
(H0(C,KC(−p)))
∨ is surjective, so there exists on C a rank two vector bundle E
fitting in an exact sequence 0→ OC(p)→ E → KC → 0 such that h
0(C,E) = 2.
Claim. We can find two linearly independent sections s, t in H0(C,E) such that
s(p) = 0 and t(p) 6= 0.
Proof of Claim. We will show that for the general extension in Ext1(KC(−p),OC)
the corresponding coboundary map H0(C,KC(−p))→ H
1(C,OC) is injective.
Let η ∈ Ext1(KC(−p),OC) ≃ H
1(C, TC(p)) and let 0 6= ω ∈ H
0(C,KC(−p)) such
that the cup product η·ω = 0. Let Λω := {η ∈ H
1(C, TC(p)) : ω·η = 0} and set Z :=
Z(ω) the divisor of ω which is of degree 2g−3 and let P := Pg−2 = P(H0(C,KC(p))).
Tensoring by TC(p) the exact sequence 0→ OC
ω
−→ KC(−p)→ KC(−p)|Z → 0 we
have 0 → TC(p)
ω
−→ OC(p) → OC(p)|Z → 0. Taking cohomology one has that
dim(P(Λω)) = 2g − 5 and dim Span(
⋃
ω∈P P(Λω)) ≤ 2g − 5 + g − 2 = 3g − 7 <
3g − 5 = dim(P(H1(C, TC(p)))). This proves the claim.
Now consider the following diagram
0

0

Cp = Op(p)

0 // OC

// E
pi1
//
Id

E/OC

// 0
0 // OC(p)
δp

f0
// E
pi2
// KC

// 0
Op(p)

0
0
(⋆)
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Let v = vp be a non-zero element in Im(δp) ⊂ H
1(C,OC). From (⋆) we have an
square diagram in cohomology :
H0(C,OC(p))
f0

·v
// H1(C,OC(p))
f1

H0(C,E)
pi2

·v
// H1(C,E)
≀≀

H0(C,KC)
·v
// H1(C,KC)
where f0, f1 are induced maps in cohomology. Let u ∈ H0(C,OC(p)) be a non-zero
generator. Since f0 is injective, the section u ∈ H0(C,OC(p)) can be identified
with f0(u) = s ∈ H0(C,E), then v · s = 0 = v · f0(s) = f1(v · u) ∈ H1(C,E).
For the other side, the section t ∈ H0(C,E) satisfies that w := π2(t) 6= 0 in
H0(C,KC) and 0 6= v · w ∈ H
1(C,KC), then v · t 6= 0 in H
1(C,E), that is, we
see that v · H0(C,E) 6= 0. Since h1(C,E) = 1, we have the transversal condition
v ·H0(C,E) + s ·H1(C,OC) = H
1(C,E).
(b).- Let S = S2(C) be the second symmetric product of C. For every p ∈ S we have
a natural divisor Xp = {p+ q : q ∈ C} in S. Let N
1(S)Z be the Ne´ron-Severi group
of S of numerically equivalent classes of divisors on C(2). Let x be the class of Xp in
N1(S)Z. This class is an ample class and is independent of of the point p. Let δ
′ be
the class in N1(S)Z of the diagonal divisor ∆ = {q+ q : q ∈ C} ⊂ S. If C has very
general moduli, it is known that N1(S)Z is generated by the numerical equivalence
classes x and δ = δ
′
2 (See e.g. [1], p. 359). The intersection numbers between these
numerical classes are (x, x) = x2 = 1, (x, δ) = x · δ = 1, (δ, δ) = (δ)2 = 1− g.
For a non-hyperelliptic curve C of genus three consider the divisor D := KS − x =
3x − δ and the line bundle L = OS(D). Let sD be the section of L such that
D is the zero-locus of sD. We have that h
0(S,L) = 1, χ(L) = 0 and h2(S,L) =
h0(S,OS(x)) = 1, then h
1(S,L) = h0(S,L) + 1 = 2. For the normal bundle ND
we have deg(ND) = D
2 = 1, so h0(ND) = 1. Since h
0(S,L) = h0(S,OS), we have
0 → H0(S,ND)
δ
−→ H1(S,OS)
·sD−−→ H1(S,L) → H1(S,ND) → · · · . Let 0 6= w ∈
H0(ND) be and let v = δ(w), we have that v · sD = 0. Since ·sD is surjective, D is
semiregular and the transversal condition v ·H0(S,L)+ sD ·H
1(S,OS) = H
1(S,L)
is clear.
3. Continuous rank
Now we study the continuous rank of a vector bundle defined E as in (1). Fixing
ζ ∈ H1(X,OX), we first define
Wζ := {f ∈ H
0(X,E) : (ζ, f) allows a formal linear solution}.
We remark that Wζ is a subvector space of H
0(X,E) because we consider only
formal linear operators (see definition 2.1).
We will give an estimate of the dimension of Wζ . We recall that H
1(X,E)ζ has
been defined as the kernel of the map ζ : H1(X,E) → H2(X,E) and h1(E)ζ =
dimH1(X,E)ζ its dimension. We consider the lines in H
1(X,OX) given by t 7→ tζ
and the corresponding curves γ(t) = exp(tζ) in P. If v is a representative of ζ we
also consider the operator ∂¯E + tv.
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Lemma 3.1. dimWζ ≥ h
0(E)− h1(E)ζ .
Proof. For the operator ∂¯E + tv the equations (4) become
∂¯Efn + vfn−1 = 0. (7)
Lemma 2.3 gives just ∂¯E(v · fi) = v ∧ v · fi = 0.
First step. Consider the linear map
v(1) : H0(X,E)→ H1(X,E)ζ ,
f0 7→ [vf0].
This is just the cup product map.
Let K01(v) := ker(v
(1)), K11 (v) := Coker(v
(1)) = H1(X,E)ζ/Im(v
(1)). Since
dimker(v(1)) = h0(X,E)− dim Im(v(1)), then
dimK01 (v)− dimK
1
1 (v) = h
0(X,E)− h1(X,E)ζ .
Second step. We have that for f0 ∈ K
0
1 (v), there is f1 such that ∂¯E(f1) + vf0 = 0.
We define
v(2) : K01 (v)→ K
1
1(v), f0 7→ [vf1].
The map v(2) is well defined:
(1) ∂¯E(vf1) = 0; v ∧ vf1 = 0; [vf1] ∈ H
1(X,E)ζ .
(2) if ∂¯E(g) = ∂¯E(f1) = −vf0 then ∂¯E(f1 − g) = 0 f1 − g = s ∈ H
0(X,E); we
have vf1 − vg = vs = 0 in K
1
1 (v) since vs ∈ Im(v
(1)).
Now if f0 ∈ ker v
(2), there is f2 ∈ C
∞(E) such that vf1 = −∂¯Ef2 − vs, where
s ∈ H0(X,E), then we have ∂¯Ef2 + v(f1 + s) = 0. Let f
′
1 = f1 + s, then
(∂¯E + tv) · (f0 + tf
′
1 + t
2f2) = 0 mod t
3.
We reset the notation by f1 = f
′
1. Let K
0
2 (v) = ker v
(2) and K12 (v) = Coker(v
(2)),
we have
dimK02 (v)− dimK
1
2 (v) = dimK
0
1 (v)− dimK
1
1(v) = h
0(E)− h1(E)ζ .
Inductive Step. For i ≥ 2, we define inductively the following linear maps:
Let K0i (v) := ker(v
(i)),K1i (v) := Coker(v
(i)) and define recursively
v(i+1) : K0i (v)→ K
1
i (v), f0 7→ [vfi].
We have that
dimK0i+1(v)− dimK
1
i+1(v) = dimK
0
i (v)− dimK
1
i (v) = h
0(E) − h1(E)ζ .
As in step 2, the condition to solve (5) at the level n is that f0 ∈ ker v
(n). In fact
if vn(f0) = 0 we can find s ∈ K
0
n−1(v) ⊂ H
0(X,E) such that vfn = −∂¯Efn+1− vs,
then letting f ′n = fn + s we get ∂¯Efn+1 + vf
′
n = 0 when ∂¯Efn = ∂¯Ef
′
n = vfn−1.
Note that we only modify the n−term of the sequence fn.
Since K0i+1(v) ⊂ K
0
i (v) this process stop in a finite number of steps, so we can find
an integer m such that the linear map v(m+1) : K0m(v) → K
1
m(v) is the zero map.
Then we can find a vector space K0m(v) ⊂ H
0(X,E) such that for any f0 ∈ K
0
m(v),
(ζ, f0) allows a linear formal solution. It follows that K
0
m(v) ⊂Wζ . Note that
dimWζ ≥ dimK
0
m(v) ≥ dimK
0
m(v)− dimK
1
m(v) = h
0(E)− h1(E)ζ .

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Now the proof of the Proposition 1.2 is as follows :
Proof. By semicontinuity of h1(E)ζ as ζ varies in H
1(X,OX), it is enough to prove
the result for general ζ. For a general element ζ ∈ H1(X,OX), the analytic curve
γ(t) = exp(tζ) is Zariski dense in P . Letting k = h0(E) − h1(E)ζ − 1 we get
that for all t, γ(t) ∈ W(E)k. In fact, first we note that h0(E) ≥ k + 1, that is,
γ(0) = OX ∈ W(E)
k, so taking an affine open set U of P and polynomial equations
Fj for the scheme W(E)
k ∩ U , we get that Fj(γ(t)) = 0 mod t
n because we can
deform a space of dimension ≥ k + 1 mod tn. Since Fj(γ(t)) is holomorphic and
Fi(γ(t)) = 0 mod t
n for all n we get Fi(γ(t)) ≡ 0, that is, γ(t) ∈ W(E)
k. Since the
image of γ is Zariski dense we get thatW(E)k = P. This implies k ≤ rC(E).  
Remark 3.2. In the previous proof, the Artin approximation theorem has not been
fully used since γ(t) = exp(tζ) is already analytic, using it one can show directly that
the sections of the vector bundle deform along γ(t). This gives again γ(t) ∈ W(E)k.
4. Generic vanishing toward the ∂∂¯ lemma
In this section we give a proof of a piece of the generic vanishing of Green and
Lazarsfeld (See [7]).
Lemma 4.1. Let E = ΩkX be and ω = f0 ∈ H
0(X,E) = Hk,0(X) a section. Let
ζ ∈ H1(X,OX) be and assume that ζ · ω = 0 ∈ H
1(X,E) = Hk,1(X), then (ζ, ω)
admits a formal linear solution (See definition 2.1).
Proof. Since H1(X,OX) ≃ H
0,1(X) ≃ H0,1(X) we can take a representative of
[v] = ζ to be harmonic, so ∂v = 0 and ∂¯v = 0. Assume that [v ∧ ω] = 0 in
H1(X,ΩkX) ≃ H
k,1
∂¯
(X), then there exists α ∈ Im(∂¯ : Ak,0(X) → Ak,1(X)) such
that v ∧ f0 = ∂¯α. We have also that ∂(v ∧ f0) = ∂(v) ∧ f0 + v ∧ ∂α = 0 + 0 = 0,
then v ·f0 ∈ ker(∂ : A
k,1(X)→ Ak+1,1(X)). Applying the ∂∂¯-lemma (See e.g. [13],
Proposition 6.17) we can find g1 ∈ C
∞(Ωk−1X ) such that
v · f0 = −∂¯∂(g1).
Let f1 = ∂g1 be, we have that ∂¯f1+v∧f0 = 0. Suppose that fi = ∂gi such that for
i = 1, ..., n, we have 0 = ∂¯fi+v∧fi−1 = ∂¯∂gi+∂v∧gi−1. We perform the (n+1)th
step. Consider θn = ∂v ∧ gn. We have θn = ∂(v ∧ gn) and ∂¯(θn) = −v∂¯∂gn =
−v ∧ v ∧ ∂gn−1 = 0, then by ∂∂¯-lemma we have θn ∈ ker(∂¯) ∩ Im(∂) = Im(∂∂¯),
thus there is gn+1 such that θn = ∂¯∂(gn+1). Taking fn+1 = ∂gn+1 we have
(∂¯ + tv)(f0 +
∞∑
i=1
ti∂gi) = 0.
 
Arguing as before we get
Proposition 4.2. (Green-Lazarsfeld) Let ω ∈ H0(X,ΩkX) and ζ ∈ H
1(X,OX) be
and assume that ζ · ω = 0 ∈ H1(X,ΩkX). Define γ : C → P , γ(t) = exp tζ, then
there is a family of sections ω(t) ∈ H0(X,ΩkX(γ(t))) along γ(t) such that ω(0) = ω.
Remark 4.3. The proof is the same of the one given for the Proposition 1.1.
Following Green and Lazarsfed we note that the Zariski closure of γ(t) is an abelian
subvariety of P. If ζ is linearly very generic, that is, is not contained in a countable
union of proper vector subspaces of H1(X,OX), then γ(t) = P. Assume k = n =
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dimX, then ΩnX = KX and ω 6= 0. Let D(ω) be the divisor of ω. If ζ · ω = 0 and
ζ is linearly very generic we have that D(ω) ∈ Divκ(X)main (See (2)), the main
component of the paracanonical system.
5. The base locus of the paracanonical system
In this section we will prove Proposition 1.3. We will use again an antilin-
ear isomorphism H1(X,OX) ≃ H0(X,Ω1X). Thus, given v ∈ H
1(X,OX), there
exists β ∈ H0(X,Ω1X) such that [β] = v. Consider the hermitian pairing <,>
H0(X,KX)×H
0(X,KX)→ C given by
< ω1, ω2 >= (−i)
n
∫
X
ω1 ∧ ω2. (8)
For β ∈ H0(X,Ω1X) we have the cup product maps
H0(X,Ωn−1X )
∧β
−−→ H0(X,ΩnX) = H
0(X,KX).
H0(X,KX)
·β
−→ H1(X,KX)
Lemma 5.1. For every β ∈ H0(X,Ω1X) we have Im(∧β)
⊥ = ker(β).
Proof. We have
θ ∈ Im(∧β)⊥ ⇐⇒ 0 =
∫
X
θ ∧ α ∧ β =
∫
X
(θ ∧ β) ∧ α, ∀α ∈ H0(X,Ωn−1X )
duality
⇐⇒
θ ∧ β = 0 ∈ H1(X,Ωn−1X ) ⇐⇒ θ ∈ kerβ.  
Let P(H0(X,KX)) = |KX | and P = P(H
1(X,OX)) the projective spaces ofH
0(X,KX)
and H1(X,OX) respectively. Inside |K| × P consider the incidence locus U ⊂
|KX | × P:
U = {((s), (ζ)) : ζ · s = 0}.
We have that U is the locus parametrizing pairs (s, ζ) such that s ∈ ker ζ. We
have seen in Proposition 4.2 that there are not higher obstructions to deform s
in the ζ-direction. Let π1 : U → |KX | and π2 : U → P be the projections. We
remark that the fibers of π2 are the projective spaces corresponding to ker(β). As
a consequence of the Generic Vanishing Theorems of Green-Lazarsfeld (See [6], [7]
and [8], Lemma 4.2) we have:
Proposition 5.2. Assume that X is a variety of Albanese general type with χ(KX) >
0. We have that π2(U) = P(H
1(X,OX)). Let Umain be the unique irreducible com-
ponent of U that dominates P(H1(X,OX)), then dim(Umain) = χ(KX) + q − 2.
Definition 5.3. We call the variety Y = π1(Umain) ⊂ |KX | the locus of deformable
canonical divisors. It consists in fact of divisors that deform to the main component
of the paracanonical system Y = Divκ(X)main ∩ |KX |. (See 2).
Proposition 5.4. Assume that X is of Albanese general type with χ(KX) > 0.
Let Y be the locus of deformable canonical divisors of X, then Y is non degenerate,
that is, is not contained in any proper linear subspace of |KX |.
Proof. Define W ⊂ H0(X,KX) as the subspace
W = span(s)∈Y {s}.
We have to show that W = H0(X,KX). Suppose by contradiction that W (
H0(X,KX), then there exists θ orthogonal to ker(β) where (β) is generic, β ∈
H1(X,OX).
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By lemma (5.1), we have that θ ∈ ker(β)⊥ = Im(β). This means that for generic
β,
θ = β ∧ θβ
for some θβ ∈ H
0(X,Ωn−1X ). Since this is a closed condition, then θ ∈ Im(β) for all
β. We can find a point p ∈ X , θ(p) 6= 0, so we consider the evaluation map
H0(X,Ω1X)⊗OX
evp
−−→ (Ω1X)p.
Since q > n, there exists β 6= 0 such that β(p) = 0. Since θ = β ∧ θ1 for some θ1,
then θ(p) = β(p) ∧ θ1(p) = 0 which is a contradiction, then W = H
0(X,KX). 
Now we prove the Proposition 1.3 :
Proof. Consider the base locus Zκ of the main component of the paracanonical
system:
Zκ = {p ∈ X : p ∈ D, ∀D ∈ Div
κ(X)main}.
It follows that Zκ ⊂ Z = {p ∈ X : p ∈ D(s), ∀(s) ∈ Y }. Since Y is non-degenerate
generates H0(X,KX), then we have Z = {p ∈ X : s(p) = 0, ∀s ∈ H
0(X,KX)} =
ZK .  
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